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Abstract

Decentralized Auction-based Task Allocation with

Guaranteed Collision Avoidance in Dynamic

Environments

Martin Braquet, M.S.E.

The University of Texas at Austin, 2022

Supervisor: Efstathios Bakolas

This report aims at solving task allocation and obstacle avoidance prob-

lems in a general context whose applications include disaster responses or

packages deliveries by unmanned aerial / ground vehicles in dynamic unknown

environments. More formally, we design a task allocation framework with col-

lision avoidance capabilities in an environment populated by multiple mobile

obstacles.

First, we propose a decentralized auction-based algorithm for the solu-

tion of dynamic task allocation problems for spatially distributed multi-agent

systems. In our approach, each member of the multi-agent team is assigned to

at most one task from a set of spatially distributed tasks, while several agents
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can be allocated to the same task. The task assignment is dynamic since it is

updated at discrete time stages (iterations) to account for the current states of

the agents as the latter move towards the tasks assigned to them at the previ-

ous stage. Our proposed methods can find applications in problems of resource

allocation by intelligent machines such as the delivery of packages by a fleet

of unmanned or semi-autonomous aerial vehicles. In our approach, the task

allocation accounts for both the cost incurred by the agents for the comple-

tion of their assigned tasks (e.g., energy or fuel consumption) and the rewards

earned for their completion (which may reflect, for instance, the agents’ sat-

isfaction). We propose a Greedy Coalition Auction Algorithm (GCAA) in

which the agents possess bid vectors representing their best evaluations of the

task utilities. The agents propose bids, deduce an allocation based on their

bid vectors and update them after each iteration. The solution estimate of the

proposed task allocation algorithm converges after a finite number of iterations

which cannot exceed the number of agents. We use numerical simulations to

illustrate the effectiveness of the proposed task allocation algorithm (in terms

of performance and computation time) in several scenarios involving multiple

agents and tasks distributed over a spatial 2D domain.

Secondly, we present an algorithm for local motion planning in environ-

ments populated by moving elliptical obstacles whose velocity, shape and size

may change with time. We base the algorithm on a collision avoidance vector

field (CAVF) that aims to steer an agent to a desired final state whose motion

is described by a double integrator kinematic model. In addition to handling

vi



multiple obstacles, it is applicable in bounded environments for more realistic

applications (e.g., motion planning inside a building). We also incorporate a

method to deal with agents whose control input is limited so that they safely

navigate around the obstacles. To showcase our approach, extensive simula-

tions results are presented in 2D and 3D scenarios.
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Chapter 1

Introduction

1.1 Task Allocation

First, we present a decentralized auction-based algorithm to address dy-

namic task allocation problems for multi-agent systems. In our problem, the

agents have to complete a set of tasks which are distributed over a given spa-

tial domain. We propose a decentralized solution for the computation of task

assignment profiles based on auction-based negotiations between the agents.

Our proposed methods can find applications in problems in which agents (e.g.,

autonomous vehicles, humans, robots, intelligent machines, etc.) have to share

resources and distribute the workload among them in order to accomplish one

or more tasks (see Fig. 1.1). In industrial environment (e.g., Amazon fulfill-

ment centers), robots have to accomplish diverse tasks such as helping work-

ers carry products. Disaster response by a fleet of unmanned aerial vehicles

(UAV) which have to assess the severity of the situation and discover where

help is needed more as well as the delivery of packages by autonomous or

semi-autonomous ground or aerial robots are two characteristic examples.

Literature review: There are several types of task allocation problems

for multi-agent systems depending on the ability of each agent to handle mul-
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Figure 1.1: Example of disaster response mission: cars and robots collaborate
and interact with people, robots remove debris in dangerous areas and drones
extinct wildfires.

tiple tasks (involving task scheduling) and on whether it is possible to have

multiple agents assigned to the same task (thus, allowing for the formation

of coalition of agents). These problems can be addressed by auction-based

techniques, distributed and / or multi-objective optimization, game-theoretic

methods and machine-learning algorithms, to name but a few.

An important consideration when developing algorithms for multi-agent

task allocation is the ability of these algorithms to be deployed in systems

where there is no single entity that allocates tasks and workload among the

agents. In this regard, centralized methods rely on a single point of operation

in the sense that the agents negotiate with each other under the direction of

a central entity [1]. Decentralized methods avoid this single point of failure

by allowing each agent to consult directly with the other agents and compute

their own task assignments. Decentralized execution, however, adds significant
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computation time [2, 3, 4].

Auction-based approaches are derived from market economy principles

in which each agent tries to maximize his own profit, based on the total reward

that will then be redistributed among them. These methods are receiving

an increased amount of attention (e.g., satellites in [5], drones in [6] mainly

because of certain key benefits such as the worst-case global utility that can be

derived theoretically by using them [7], their fast convergence, low complexity

and high computational efficiency [8, 9]. Auction-based methods have also

been boosted by recent breakthroughs in reinforcement learning [10]. The

consensus-based bundle algorithm [2] (CBBA) utilizes a market-based decision

strategy as the mechanism for decentralized task selection and uses a consensus

routine based on local communication as a conflict resolution mechanism to

achieve agreement on the winning bid values. Finally, other decentralized

auction algorithms based on local communication have been developed to allow

the agents to bid on a task asynchronously [11].

One of the simplest approaches to solve decentralized auction-based

problems is via greedy algorithms, which consider the optimal (in a myopic

sense) choice that maximizes a global objective [12]. Some approaches handle

heterogeneous agents (with different traits / capabilities) by computing their

utilities based on their own local information, and the task allocation is solely

determined by their bids [13]. In this regard, such algorithms can calculate

the agents’ utilities based on their resource levels and the possibility of visiting

refill stations [14]. Auction-based techniques have been proven to efficiently
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produce suboptimal solutions [15] with a guaranteed convergence to a conflict-

free assignment. Other advantages of auctions are their high scalability and

robustness to variations in the communication network topology [16, 17].

Other types of task allocation methods include those which are based

on game theory and in particular, potential games for the computation of

mutually agreeable task assignments. Although the negotiation protocols are

proven to converge to mutually agreeable tasks [18], their convergence is only

guaranteed for the case in which the game remains the same (task utilities are

constant) which is not the case in a dynamic task allocation problem. Other

algorithms aim to compute a mutually agreeable profile corresponding to a

Nash equilibrium (game-theoretic formulation of task allocation problems) for

all agents [19]. Game theory is an important tool to extend task allocation

problems to multiple agents but finding efficient Nash equilibria (task assign-

ment profiles giving high global utility) is not guaranteed (solutions based

on individual rationality may not automatically lead to high global utility)

and computational cost can be significant. Likewise, constrained optimization

approaches based on nonlinear programming tools require in general signifi-

cant computational power and time. More efficient optimization-based task

allocation methods that rely on tools from quadratic programming have been

introduced in [20]. Recently, machine-learning algorithms have started to re-

ceive a significant amount of attention mainly because they can process a lot of

information (by utilizing, for instance, neural networks) and handle unknown

environments via reinforcement learning (especially Deep Q-Learning [21]. Re-
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current neural networks also find applications in scheduling problems for clus-

tered tasks in Multi-Task Robots Single-Robot Tasks Assignment problems

[22].

Contributions: In the first part of this dissertation, we propose a dy-

namic auction-based task allocation algorithm. In our approach, the task

utilities depend on both the rewards earned by the agents for accomplishing

their assigned tasks as well as the costs they incur while doing so (the latter

correspond to cost-to-go functions of relevant optimal control problems). The

utilities are thus in general dependent on the state of the agents. In this con-

text, the agents can only perform one task while several agents can be assigned

the same task (if this is beneficial to them and their team). In contrast with

game-theoretic algorithms which may not always achieve high global utility

for the team (inefficient Nash equilibria), our proposed auction-based task al-

location mechanism finds task assignments that maximize the global utility of

the system. A key advantage of our proposed approach is time efficiency, yet

with reasonably high global utility.

We propose a Greedy Coalition Auction Algorithm (GCAA) where the

agents negotiate while moving in their state space towards their assigned tasks.

When an agent changes his assignment, he needs to recompute the cost esti-

mate and thus his own state-dependent utility. In contrast to game-theoretic

solutions [19] which aim for individual rationality but cannot guarantee good

team performance, we do not seek a mutually agreeable task assignment but

consider instead a broader set of solutions that allows for a higher global util-

5



ity. Furthermore, in contrast with the CBBA algorithm which clusters and

schedules a sequence of tasks for each agent, in this work the problem is com-

posed of multiple agents making a coalition for a specific task that is spatially

distributed (which is the only task for that agent). This work hence falls under

the category of Single-Task Robots Multi-Robot Tasks Instantaneous Assign-

ment (ST-MR-IA) problem, also known as the coalition formation problem

[15].

1.2 Obstacle Avoidance

Collision avoidance constitutes a fundamental problem in robotics. For

example, unmanned aerial vehicles (UAVs) have found many applications re-

lated to search and rescue, payload and package delivery, and surveillance, to

name but a few. In the multi-agent settings, the agents need to first solve a

task allocation problem before considering the motion planing and its underly-

ing obstacle avoidance. To accomplish their mission, robots have to plan their

path in environments that are often populated by obstacles. Such obstacles are

not precisely known or can be mobile and hence are often characterized in prob-

abilistic ways (e.g., a confidence or probability ellipsoid). Due to the motion

and rotation of these obstacles, as well as the dynamic information gathered

by the robot, the probability density of the obstacles (i.e., their shape) vary

with time. Additionally, they are required to react in real time to pop-up tasks

and addition or removal of some other agents. Therefore, a well-designed algo-

rithm for such problems needs to be decentralized, reactive, computationally
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inexpensive, and handle fast collision avoidance.

Literature review: Some of the earliest and most notable algorithms

tackling obstacle avoidance problems consist of creating a graph by discretiz-

ing the autonomous agent’s free configuration space, considering only the geo-

metric requirement of finding an obstacle-free path between two points. Some

of the most popular graph-based search algorithms are Dijkstra’s ([23]) and

A* ([24, 25]), which require a configuration of the space graph using basic

or more advanced sampling techniques such as Voronoi diagrams and projec-

tions ([26, 27]). However, discrete methods rely on search-space granularity

(i.e., searching a complex discrete space) to compute the optimal solution, and

therefore, are not very suitable for real-time applications.

Many relevant algorithms have been developed for motion planning

in dynamic environments using velocity obstacles, which consist in selecting

avoidance maneuvers to avoid obstacles in the velocity space ([28]). These

algorithms are generated by selecting robot velocities outside of the velocity

obstacles, which represent the set of robot velocities that would result in a col-

lision. Optimal reciprocal collision avoidance (ORCA) is an extension of the

velocity obstacle algorithm to include multiple agents by resolving the com-

mon oscillation problem in multi-agent navigation ([29, 30, 31]). ORCA takes

into account the reactive behavior of the other agents by implicitly assuming

that they make a similar collision-avoidance reasoning. The agent chooses a

velocity that lies outside any of the velocity obstacles induced by the moving

obstacles. If among the free velocities, the velocity chosen is the one that is
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in the most direct way towards the agent’s goal position, the agent will safely

navigate towards its goal. ORCA has however two major limitations: dead-

locks and local minima (of the objective function representing the path cost)

([32, 33]). Indeed in more complex scenarios such as cluttered / obstacle rich

environments and moving obstacle environments, the agents can get stuck in

local minima where the obstacles block the path to the target or produce poor

trajectories as they do not plan for future obstacle locations. Algorithms based

on vector fields are able to avoid such local minima by creating a null vector

field, and thus a local minimum, only at the desired final location. In this

paper, we give a guarantee that the agent reaches the goal and does not get

stuck. To take the probabilistic motion into account, an extended velocity ob-

stacle (EVO) validation system extends ORCA in the real world by including

state uncertainties via a position filtering system which handles a noise model

that is discontinuous and non-linear ([34]).

More recently, new algorithms have been leveraging the qualities of ma-

chine learning to tackle problems in unknown / sparse dynamic environments.

For example, an algorithm for socially aware multiagent collision avoidance

with deep reinforcement learning (SA-CADRL) has been designed to produce

more time-efficient paths than ORCA ([35, 36]).

Algorithms based on harmonic potential flow can deal with multiple

moving convex and star-shaped concave obstacles by applying a dynamic mod-

ulation matrix, dependent on the characteristics of the obstacles, to the orig-

inal dynamic system ([37, 38]). However, this velocity-based controller does
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not take into account the inertia of the robot or more realisitc kino-dynamic

constraints.

Local methods represent a robot as a particle in the configuration space

under the influence of an artificial potential field, whereas the direction of mo-

tion is generally chosen according to the gradient of the potential function

([39, 40]). However, such methods suffer from important limitations: trap

situations due to local minima (cyclic behavior), no passage between closely

spaced obstacles, oscillations in the presence of multiple obstacles and in nar-

row passages ([41]).

Global path planning methods such as rapidly-exploring random trees

(RRT) have the advantage that they can be directly applied to nonholonomic

and kinodynamic planning ([42]). Indeed, RRT generates a tree by providing

the required control input making the link between two adjacent states. Gen-

eral motion planning between two locations can be used more efficiently than

the classical RRT by incrementally building two rapidly-exploring random

trees (RRTs) rooted at the start and the goal configurations ([43, 44, 45]).

The previously mentioned field-based algorithms (harmonic flow, potential,

etc) can further be combined with such global path planning to solve the

problem of artificial potential field algorithms being liable to fall into a a local

minimum ([46]).

Other popular approaches for collision avoidance rely on curve param-

eterization for trajectory generation ([47]) or optimization-based algorithms

that aim to solve nonlinear programs with different nonlinear programming
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(NLP) solvers ([48]). Still, these methods are computationally expensive and

not suited for real-time applications.

To avoid the computational complexity of the previously discussed tech-

niques, algorithms based on collision avoidance vector fields have been devel-

oped for specific types of dynamics. For example, [49] consider UAV appli-

cations by assuming constant-altitude operations and thus approximating the

system with a planar kinematic Dubins model. In this case, the agent aims

to avoid obstacles while keeping its steering angle close to a desired angle.

However, the applicability of the method proposed in [49] is limited to circular

obstacles.

Contributions: The second part of this dissertation presents a novel

local motion-planning algorithm in environments populated by moving obsta-

cles with time-varying shapes. We base our algorithm on a collision avoidance

vector field (CAVF) that aims to steer an agent to a desired final state un-

der double integrator dynamics in an environment populated with multiple

moving elliptical obstacles.

We first assume that the agent has access to the exact position and

velocity of the center of mass of the obstacles, as well as their shape and

orientation. Secondly we consider obstacles with uncertain motion resulting

in a covariance of their probability distribution growing over time. We also

consider bounded environments for more realistic applications. Finally, we

incorporate a method to deal with agents whose control input is limited so

that they safely navigate around the obstacles.

10



Multi-agent systems (MAS) further require a task assignment scheme in

addition to the avoidance of obstacles and other agents. This work is extended

to multi-agent settings by incorporating the fast task allocation algorithm de-

scribed in Chapter 2 wrapped around our proposed collision avoidance method

([50]).
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Chapter 2

Task Allocation

Disclaimer: The material in this chapter is based on our previously

paper published at MECC 2021 [50].

2.1 Preliminaries

We assume a multi-agent system (MAS) comprised of n agents. These

agents are called active agents when they are far from their target so that they

can recompute their best task assignment while moving toward the target,

otherwise they are called passive agents when they are too close to the target

to consider other targets (they are then permanently assigned to this final

task). Let xi ∈ Si ∈ Σ and ui ∈ Ui, for i ∈ [1, n]d be the state and input of the

i-th agent of the MAS at time t ≥ 0 (Si being his state space and Ui his input

space), and Σ ⊆ Rm. We also define x ∈ S the joint state of the MAS, in

which x := (x1, . . . , xn) and S := S1 × · · · × Sn (joint state space). Let u ∈ U

be the joint input of the MAS, where u := (u1, . . . , un) and U := U1×· · ·×Un

(joint input space).

The motion of the i-th agent is described by

ẋi = fi(x,u), xi(0) = x0
i , i ∈ [1, n]d, (2.1)

12



where x0
i ∈ Si is the initial state of the i-th agent and fi : Si × Ui → Si is his

associated vector field. Consequently, x0 = (x0
1, . . . , x

0
n) ∈ S is denoted as the

joint initial state.

In general, task allocation aims to assign individual tasks for n agents

and p tasks, T := {T1, . . . ,Tp}. Let XT be the set of states associated with the

given tasks, where XT := {xT1 , . . . , xTp}, and Ai := {aki : k ∈ [1, card(Ai)]d}

the set of possible task assignments for the i-th agent given a set of tasks

T. While the agents have limited communication between each other, we

suppose that they have complete information about all the tasks available.

Each assignment aki ∈ Ai is equal to either a task in T, that is, aki = Tℓ where

Tℓ ∈ T, or the null assignment, that is, aki = a∅.

Additionally, we denote the set of active agents as Na ⊆ [1, n]d and

we fix the assignment ai of agent i (thus switching his status from active to

passive) for all t > tp if the agent lies inside the boundary of the target, that is,

Φi(xi(tp), xTj) < 0 where Φi(xi(tp), xTj) is a boundary constraint; for instance

Φi(xi(tp), xTj) := ∥xi(tp)−xTj∥−Rp where Rp is the minimum agent-to-target

distance to make the task assignment permanent.

2.2 Task Utilities

In this work, the task utility is characterized by a reward obtained for

the completion of the task Tj ∈ T and a state-dependent cost to finish this

task (for example, the transition cost due to the motion of the agent).
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Static task utility: Given an assignment profile a = (a1, . . . , an), we denote

by T−1
j (a) the index-set corresponding to the agents assigned to task Tj ∈ T

under the particular profile. Since a task is not necessarily accomplished when

an agent is assigned to it, we let pij ∈ [0, 1] be the probability of the task Tj

to be completed successfully by the i-th agent. In this case, the probability

that the task is successfully completed by at least one agent increases with the

number of agents assigned to this task. The expected reward for completing

task Tj is defined as [19]:

rTj(a) = r̄Tj

[
1−

∏
i∈T−1

j (a)
(1− pij)

]
, (2.2)

where r̄Tj is the nominal reward of Tj. Indeed, the probability that at least

one agent completes the task is equal to the complementary of the probability

that no agent completes the task, i.e.
∏

i∈T−1
j (a)(1 − pij). It is worth noting

that the assignments (and their associated utility) of the passive agents are

also taken into account to compute the total reward.

State-dependent task completion cost: The cost to finish the task Tj associated

with the state xTj at time t = tf,Tj by the i-th agent is defined as the optimal

cost related to the optimal control problem presented in Problem 1.

Problem 1. Let ai = Tj, where Tj ∈ T and i ∈ [1, n]d. Furthermore, we

denote xTj ∈ Si as the state linked to Tj and tf,Tj > 0 as the related completion

time for Tj. The goal is to obtain an optimal control input u⋆
i (·) : [0, tf ] → Ui

that is piece-wise continuous and minimizes the functional given by:

Ji(ui(·);x0
i , xTj) :=

∫ tf

0

Li(xi(t), ui(t))dt, (2.3)
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such that the dynamic constraints (2.1) and the following terminal constraint

Ψi(xi(tf), xTj) = 0, where Ψi(·;xTj) is a given C1 function, are respected. Fi-

nally, the minimum cost is given by ρi(x
0
i ;xTj) := Ji(u

⋆
i (·);x0

i , xTj).

Remark 1 The terminal constraint function Ψi follows either

Ψi(xi(tf), xTj) = xi(tf)− xTj

implying xi(tf,Tj) = xTj , or

Ψi(xi(tf), xTj) =
∥∥xi(tf)− xTj

∥∥−RTj

requiring some agents to loiter around the target Tj with a certain radius RTj

during a loitering time τTj ∈ [0, tf,Tj ], in which case these agents start loitering

at time tf,Tj − τTj .

Total Task Utility: The total completion cost of task Tj given the assignment

profile a = (a1, . . . , an) is given by the sum of the individual task completion

costs of all the agents assigned to that task. More precisely,

RTj(a;x
0, xTj) :=

∑
i∈T−1

j (a)
ρi(x

0
i ;xTj), (2.4)

which leads to the definition of the total task utility associated with task Tj

for a given x0

UTj(a;x
0) := rTj(a)− λTj RTj(a,x

0;xTj) (2.5)

where λTj is a constant which is used to convert the cost-to-go to the same

units as the reward (e.g. from a loss of energy to a loss of money).
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Individual, Team Utilities: Let us denote the global utility as

U(a;x0) :=
∑

Tj∈T
UTj(a;x

0). (2.6)

The goal is to set this team’s utility equal to the sum of each individual utility

in order to maximize each individual utility separately. In this regard, based

on the task assignment a, we set the individual utility of agent i equal to his

marginal contribution to the global utility U(a;x0):

Ui(a;x
0) := U(a;x0)− U((a∅, a−i);x

0) (2.7)

= UTj(a;x
0)− UTj((a∅, a−i);x

0).

2.3 Dynamic Task Allocation

2.3.1 Preliminaries: open-loop task allocation

In the formulation of the open-loop task allocation problem, the agents’

utilities (or, more precisely, their functional descriptions) do not change with

time, as the agents progress towards the states of their assigned tasks. This is

because their estimated task completion costs are based on knowledge available

at time t = 0 and these estimates are not updated afterwards. To the i-th

individual task assignment a⋆i from the optimal profile a⋆, where, say, a⋆i = Tj,

we associate a corresponding state xTj , which in turn determines the terminal

constraint Ψ(xi(tf ;xTj) = 0 in Problem 1. Because all the task assignments

are time-invariant, the control input u⋆
i (·) that solves Problem 1 will not be

updated along the i-th agent’s ensuing trajectory.
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2.3.2 Problem formulation

The task allocation is called dynamic since the utilities of the agents

change along their path towards their target (state-dependent cost and agents

obtain new information by communicating with other agents in the surround-

ing). In this case, a new assignment profile a⋆(t) has to be selected at each

time step t ∈ [0, tf ] as the agents evolve in their state space.

Problem 2 (DTA: Dynamic Task Allocation). Let tf > 0 and x0 ∈ S, find a

time-varying task assignment profile a⋆(·) : [0, tf ] → A for all the remaining

active agents i ∈ Na, that maximizes the global utility in a decentralized way

(communication constraints) according to the permanent assignment aip of the

passive agents ip ∈ Np = [1, n]d \Na and the terminal constraints.

2.3.3 Auction protocols for decentralized task allocation

The main principle of auctions consists in the computation of agents’

individual utility for some tasks. Based on these proposed bids, the agents

communicate between each other in order to deduce the best allocation for

each of them. A key point is that for their realization, an agent does not

have to know the utilities of his teammates (decentralized implementation).

The main idea behind the algorithm is to find the best task coalition for the

multi-agent network by allocating the tasks to the agents obtaining the highest

utility (also called greedy approach).
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2.3.4 Greedy Coalition Auction Algorithm

The GCAA is an auction-based algorithm that leverages the simplicity

of greedy approaches to provide a solution with fast convergence. The main

idea is to iterate between an auction phase and a consensus phase such that

it converges to a winning bids list ([2]).

Each agent has three vectors that are constantly updated at each iter-

ation step t. The first vector zi ∈ [0, p]nd is the list of selected tasks among T,

meaning that agent i possesses a vector zi of length n where the k-th element

of the vector is the expected task assignment of agent k to the best knowledge

of agent i. The second vector yi ∈ Rn
>0 is the list of winning bids (agent’s util-

ities), that is, the k-th element of yi is the expected individual utility of agent

k by selecting the task zi,k (k-th element of the vector of selected tasks zi).

The third vector ci ∈ [0, 1]nd is the list of finalized (or completed) allocations

and informs agent i about the status of the allocation for the other agents. In

particular, the k-th element of ci is set to 1 if the agent k does not plan to

change his target anymore, and 0 otherwise. This way, the agents for which

the assignment is completed are not taken into account for the auction process

in subsequent steps. Based on these three vectors that are first updated, each

agent will decide and propose the best assignment for themselves (i.e., maxi-

mizing their own utility). The main algorithm is presented in Main Algorithm

and the two associated phases are explained next.
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Main Algorithm: Greedy Coalition Auction Algorithm
Input: x0

Output: z(t)

1: t = 0
2: y(0) = 0
3: z(0) = 0
4: c(0) = 0
5: while ∃i : ci,i(t) = 0 and ci,i(t− 1) = 0 do
6: SelectBestTask()
7: ShareStateVectors()
8: UpdateStateVectors()
9: t = t+ 1

2.3.4.1 Auction process:

The first phase of the algorithm is the auction process. Here, each

agent aims to select his best task based on his own utility. At lines 2–4 of

Algorithm 1, the previous bid vectors are copied into the current ones. If the

task selected by one agent i is not finalized (line 5), agent i picks the task Ji

that maximizes his expected utility (lines 6–7). Agent i then updates his bid

vector with the selected task (line 8) and the associated utility (line 9).

2.3.4.2 Consensus process:

In Algorithm 2, the consensus process first aims to share the bid vectors

yi, zi, ci with the other agents within the communication range of agent i.

For each agent i, the agents k within the communication range of agent i

(satisfying gik(t) = 1 at lines 1–2) send their bid vectors yk,k(t), zk,k(t) and

ck,k(t) (lines 3–5). Then in Algorithm 3, based on his winner bids vector,

agent i determines the set of agents Ãi(t) allocated to the same selected task

19



Algorithm 1 Select the best task for agent i

Function SelectBestTask
Input: y(t− 1), z(t− 1), c(t− 1),x0

Output: y(t), z(t)

1: for i ∈ [1, n]d do
2: yi(t) = yi(t− 1)
3: zi(t) = zi(t− 1)
4: ci(t) = ci(t− 1)
5: if ci,i(t) = 0 then
6: a = zi(t)
7: Ji = argmaxj Ui((zi,j(t), a

⋆
−i);x

0
i )

8: zi,i(t) = Ji
9: yi,i(t) = Ui(zi(t);x

0
i )

(line 2) and extracts the winner based on their utility (line 3). He adds the

winner to the list of finalized allocations ci (line 4) and resets the values of

the losers in the bids yi and tasks zi (lines 5–8).

Algorithm 2 Share the bid vectors to agent i

Function ShareStateVectors
Input: y(t), z(t), c(t)
Output: y(t), z(t), c(t)

1: for i ∈ [1, n]d do
2: for k ∈ {k | gik(t) = 1} do
3: zi,k(t) = zk,k(t)
4: yi,k(t) = yk,k(t)
5: ci,k(t) = fk,k(t)

Then the time is updated (t← t+ 1) and the main algorithm loops to

Algorithm 1. Finally, the algorithm has converged when the finalized choices

are validated for some agents (ci,i = 1) and the other agents not assigned to

a task (ci,i = 0) have not changed since the past iteration (meaning that the

cost to reach each task is higher than the marginal reward they can obtain).
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Algorithm 3 Update the bid vectors of agent i according to the winners/losers

Function UpdateStateVectors
Input: y(t), z(t), c(t)
Output: y(t), z(t), c(t)

1: for i ∈ [1, n]d do

2: Ãi(t) = {k | zi,k(t) = zi,i(t), fi,k(t) = 0}
3: Ki = argmaxk∈Ãi(t)

yi,k(t)

4: ci,Ki
(t) = 1

5: for k ∈ Ãi(t) \Ki do
6: zi,k(t) = 0
7: yi,k(t) = 0

Once the task allocation is completed, the agents move according to

the solution of Problem 1 minimizing the cost from the agent to the target.

In order to prevent abrupt trajectory changes during the dynamic allocation,

we stop the computation of the allocation when the agents are close to their

associated target, that is, if t > ts,Tj where ts,Tj is the stop time for agent Tj.

2.3.5 Application example

To illustrate the main steps of the algorithm through a simple example

with 2 tasks and 4 agents, Fig. 2.1 shows a task allocation along with their

bid vectors. The communication links are shown with red dashed lines and

the final task allocation is given with green dashed lines.

Since agents A1 and A3 cannot communicate directly with each other,

they assume that they will obtain the entire reward by completing their se-

lected task T2 while they will actually need to split it. In more details, each

agent i fills in his bid vector (associated to his i-th row) depending on his best
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Figure 2.1: Graphical illustration of the auction-based greedy algorithm.

assignment during the first iteration. For example, agent A1 chooses task T2

with a utility of 5 while agent A2 chooses task T1 with a utility of 6. Then,

they share their bid vector (i.e., fill in their rows) with their neighbors only,

so that A1 does not have information about A3, and reciprocally. Each agent

finally updates his bid vector by selecting the task with the highest utility and

setting the associated assignment status c to 1 (e.g., at the first iteration, all

agents finalize the assignment of A2 because he proposes a utility of 7). At

the next iterations, the assignment of A2 is no longer computed and the other

agents take into account the permanent assignment of A2 for the computation

of their own utility (e.g., A4 no longer proposes a bid for T2 because the re-

duction of the marginal reward associated to the coalition with A2 dropped

his marginal utility below zero, it is thus preferable for A4 not to select any

task by securing a null utility). At the second iteration, A1 and A3 propose

and finalize their assignment for T2 since they think that they are completing

T2 individually (no communication between them) and A4 does not propose
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any assignment. This example thus shows that communication constraints

can lead to suboptimal solutions because the actual utility that A1 and A3

will receive by completing T2 is lower than their prediction.

Theorem 2.3.1. Consider the auction-based task allocation process solved by

the GCAA algorithm (Main Algorithm) where the communication range can be

limited. Let n be the number of agents, then GCAA converges to an assignment

within at most n steps.

Proof. The proof is derived from the definition of greedy algorithms. In par-

ticular at each time iteration t and for all agents i ∈ [1, n]d, one element (index

Ki as presented in Algorithm 3) of ci is set to 1 as the task of agent i is set

to be finalized. As a consequence at time t, there are t elements of ci set to 1

and n− t elements still initialized to 0. Hence at time t = n, all the elements

of ci are set to 1 for each agent i which means that the stopping criteria in

Main Algorithm (ci,i = 1 for all agents i) is necessarily verified. The algorithm

is thus proven to converge after at most n steps (the number of agents).

Remark 2 This convergence theorem guarantees that the computation time

is growing linearly with the number of agents.
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2.4 Numerical Simulations

In this section, we present numerical simulations1 to illustrate the main

ideas of the methods proposed so far. We consider a team of agents with double

integrator dynamics, that is, p̈i = ui, with pi(0) = p0i and ṗi(0) = v0i , where

pi ∈ R2 (p0i ∈ R2) and ṗi ∈ R2 (v0i ∈ R2) denote, respectively, the position and

velocity of the i-th agent at time t (t0 = 0), i ∈ [1, n]d. The performance index

is given by the control effort J(ui(·)) := (1/2)
∫ tf
0
|ui(t)|2dt and the conversion

constant is λTj = 1 (j ∈ [1, p]d). By setting xi := (pi, ṗi) ∈ R4 and xTj :=

(pTj , 0) ∈ R4, the terminal constraint function is chosen randomly between:

• Ψi(xi(tf,Tj);xTj) := xi − xTj , which means that the i-th agent tries to

reach the position pTj associated with his assigned task Tj at time t = tf,Tj

and with terminal velocity ṗTj (randomly selected).

• Ψi(xi(tf,Tj);xTj) := ∥pi − pTj∥ − R̃Tj , which means that the i-th agent

tries to reach the circle (with radius R̃Tj) around his assigned task Tj at

time t = tf,Tj − τTj and then loiters around the target until tf,Tj . In this

work, the best entry point to enter the circle is selected by discretizing

the circle in 10 points and selecting the point that minimizes the cost

function2.

1Source code available at
https://github.com/MartinBraquet/task-allocation-auctions.

2The best solution can also be found by optimal control methods in a systematic /
rigorous way and will be considered in further work
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Both terminal constraints are associated with an optimal control prob-

lem with non-zero initial and terminal velocities. It turns out (see, for instance,

[51]) that the optimal control input is given by

u⋆
i (t; tf , x

0
i , xTj) =

4

tf − t

[
ṗTj − ṗi(t)

]
(2.8)

+
6

(tf − t)2

[
pTj − pi(t)− ṗTj (tf − t)

]
which defines a second-order differential equation with time-varying coeffi-

cients where u⋆
i (t) = p̈i(t). It is solved numerically using integration tools

(ODE45) in Matlab.

While problems with zero terminal velocities have an analytical solution

([52]), problems with non-zero terminal velocities require more computation

time due to the numerical integration. The optimal cost-to-go is then obtained

via the definition of J(ui(·)). In addition to this dynamic solution, a drag term

(or friction force) −kd ṗTj proportional to the agent’s velocity is used to refine

the previous ideal equations of motion. It will thereby slow down to zero

velocity an agent when he is not subject to any input control (i.e., he does not

have any assigned task) while being negligible when the agent is subject to a

typical control input.

A dynamic task allocation is then performed and presented through the

dynamic map of the allocation. Fig. 2.2 illustrates trajectories of the agents

in the absence of communication constraints (or limitations) while the agents

in Fig. 2.3 can only communicate3 with the other agents within range ϱ = 0.3.

3The communication range is not shown in the figure for clarity.
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We set the simulation time to tf = 10 and discretize it in k = 1000 iterations

which implies a constant time step δt = tf/k = 0.01. Due to the fact that

the computation time required for the numerical integration is substantial, we

only consider scenarios with n = 10 agents and p = 10 tasks. The completion

time tf,Tj , which is dependent on the task Tj, is computed randomly such that

tf,Tj/tf ∈ [0.9, 1]. 5 tasks are fixed targets with non-zero terminal velocities

ṗTj ∈ [−0.1, 0.1] (black squares). The other 5 tasks are dynamic, the agents

need to loiter at a radius R̃Tj ∈ [0.032, 0.048] and complete one loop at velocity

ṗTj ∈ [−0.1, 0.1] for a time τTj such that τTj/tf ∈ [0.15, 0.25] (black dashed

circle around a dashed square).

The time tp after which the algorithm preserves the same allocation for

an agent is satisfying Φi(xi(tp), xTj) = ∥xi(tp) − xTj∥ − 2R̃Tj < 0 so that the

allocation is blocked when the agent enters the circle of radius 2R̃Tj centered

in xTj before starting loitering. The nominal rewards are such that r̄Tj ∈

[0, 0.2] for the fixed tasks, they are higher (r̄Tj ∈ [0, 1]) for the loitering tasks

since they typically require more cost to achieve the rotation. The success

probability pij is chosen randomly between 0 and 1. As seen in Fig. 2.2 for the

range unconstrained case ϱ → ∞, the agents (colored diamonds) can freely

communicate from start and thereby directly find the best allocation (dashed

lines), which is maintained all along the trajectory (plain lines).
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Figure 2.2: Dynamic task allocation for the range unconstrained case (n =
p = 10, ϱ→∞, tf = 10, U = 1.804).

Conversely in Fig. 2.3 where the range ϱ is limited to 0.3, several agents

are allocated to the same task because they are not in communication with

all the other agents. These agents estimate their utility solely based on the

reward of the task while their marginal utility is actually lower (see comparison

in Table 2.1). When the agents come closer and enter in communication, the

agents start assessing their marginal utility correctly and thus consider other

tasks that might increase their own utility. Toward the end of the simulation

(Fig. 2.3(c)), the agents’ trajectory is subject to sharper changes of direction

(e.g. the red and light blue curves) compared to the range unconstrained case

(Fig. 2.2(c)).
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Figure 2.3: Dynamic task allocation for the range constrained case (n = p =
10, ϱ = 0.3, tf = 10, U = 1.515)

Range ϱ Utility U

0.3 1.515
∞ 1.804

Table 2.1: Comparison of utilities for different communication ranges
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Figure 2.4: Total cost and reward.
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Fig. 2.4 and 2.5 quantitatively show the allocation presented above,

for which the data from the range unconstrained case (blue lines) are constant

over time. When the communication is limited, the total utility increases step-

by-step as the agents start communicating with their neighbors (red line in

Fig. 2.5) but still remains lower than the utility obtained when the communi-

cation is not limited. It is worth noting that even though the final reward is

higher for the constrained case (dashed red line in Fig. 2.4), the higher cost

produced by abrupt trajectory changes makes its final utility lower than the

utility generated without communication limitation. Finally, the noisy curves

are due to approximation errors in the numerical integration.
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Figure 2.5: Total utility.

The impact of several parameters on the utility and the computation

time is then performed (with 10 agents and 10 tasks if not mentioned). In
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Fig. 2.6, the global utility increases progressively with the communication

range. For a map width of 1, a communication range of
√
2 corresponds to

the unconstrained communication.
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Figure 2.6: Impact analysis of the communication range on the utility.

In Fig. 2.7, we perform a simulation with 20 tasks and we progressively

replace the tasks at a fixed location with loitering tasks. Since the number

of numerical integrations is ten times higher for the latter, the computation

time for 20 fixed tasks is approximately ten times higher than the one for 20

loitering tasks.

The effect of the number of agents / tasks on the computational cost

is analyzed separately in Fig. 2.8. For a fixed number of agents, the global

utility is linear with the number of tasks. It is however interesting to note

that for a fixed number of tasks (e.g., 80 at the graph boundary), the utility
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Figure 2.7: Impact analysis of the ratio of loitering tasks on the computation
time.

increases exponentially with the number of agents. This shows that in this

framework, multiplying the fleet of agents by m ∈ R will result in a global

utility lower than mU. This can be illustrated by considering one task T1 and

n agents with probability p to complete the task, then the utility is given by

r̄T1 [1− (1− p)n].

Furthermore in Fig. 2.9, the computation time is more dependent on

the number of tasks than the number of agents (the allocation with 1 task

and 50 agents is straightforward while the allocation with 50 tasks and 1

agent requires the agent to iterate over all tasks). As a consequence, problems

with a large number of agents are more tractable than problems with a high

number of tasks. To mitigate this issue, one could for example restrict the
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Figure 2.8: Impact analysis of the number of tasks / agents on the global
utility.

considered tasks to the tasks near the agents (but at the cost of the utility,

revealing a trade-off between the computation and the optimal allocation with

the maximum utility).

In Fig. 2.10, the global utility naturally increases with the nominal

reward and the success probability of a task.
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Figure 2.9: Impact analysis of the number of tasks / agents on the computation
time.
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Figure 2.10: Nominal reward and task success probability.
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Chapter 3

Obstacle Avoidance

Disclaimer: The material in this chapter is based on our paper submit-

ted at MECC 2022 [53] (currently, under review).

3.1 Problem Setup

We consider an agent moving in an N -dimensional position space Ω ⊆

RN (where N = 2 or N = 3) which can be a bounded set. The state is defined

as

x =

(
P
V

)
where P ∈ Ω is the agent’s position of the agent and V ∈ RN is the agent’s

velocity. We consider an obstacle whose center of mass has an initial position

(at time t = 0) Po ∈ Ω and constant velocity Vo ∈ RN , which implies that the

obstacle motion is reduced to a straight line if Vo ̸= 0 (if Vo = 0, the obstacle

is static).

We also assume that the obstacle boundary χb can be parametrically

described as a function of two dummy variables u ∈ [0, 2π] and v ∈ [0, π]. In

the case of an ellipse (2D), we have

P b(t;u) =

(
a(t) cos(u)
b(t) sin(u)

)
,
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whereas in the case of an ellipsoid (3D), we have

P b(t;u, v) =

a(t) cos(u) sin(v)
b(t) sin(u) sin(v)

c(t) cos(v)

 .

The velocity V P
e due to expansion/contraction at a point P b ∈ χb, corre-

sponding to a pair (u, v), can be described as

V P
e =

∂P b(t;u, v)

∂t
.

The agent is subject to a double integrator dynamics;

ẋ(t) =

(
V (t)
u(t)

)
, x(0) = x0 =

(
P0

V0

)
(3.1)

where u(t) ∈ RN is the control input.

The problem targeted by this paper can be described as follows.

Problem 1. Let an agent be subject to the dynamics given in Eq. (3.1), Then,

find a control input u(t) : [0, tf ]→ RN so that the agent reaches a final desired

location Pf ∈ Ω with zero velocity at a free final time tf :

x(tf ) = xf =

(
Pf

0

)
.

3.2 CAFV design

The collision avoidance vector field (CAVF) is designed to match the

desired agent’s velocity along the state space. For example, the CAFV is

directed towards the final location and is null at the final location. Because of

obstacles appearing on the way from the agent’s location to its final location,

35



the CAFV has to be modulated so that the agent does not enter into collision

(see Fig. 3.1).
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Figure 3.1: In the absence of obstacle (a), the CAFV points towards Pf . In
the presence of obstacles (b), the CAFV is modulated to avoid the obstacle
(P0 = [0, 0.25]⊤ and Pf = [1, 0.75]⊤).

3.2.1 Static Obstacle

For a static obstacle, the collision avoidance vector field h has to sat-

isfy the following impenetrability condition at any point P b of the obstacle

boundary:

h(P b) · n̂(P b) ≥ 0 for all P b ∈ χb. (3.2)

where n̂(P ) is the unit vector that is normal to the obstacle boundary and is

given by

n̂(P ) =

{
P−P c(P )

∥P−P c(P )∥ if P ̸∈ χb

Pl(P )−P
∥Pl(P )−P ∥ if P ∈ χb

where P c(P ) is the point on the obstacle boundary that is closest to P , and

P l(P ) is any point satisfying P c(P l(P )) = P (i.e., any point on the line

36



determined by P +α n̂(P ) for all α > 0). The point P c(P ) can be computed

via an iterative optimization algorithm ([54]). We define the vector field h as

the superposition of an obstacle avoidance field ho and a destination steering

field hf (to reach the aimed location); that is, ho(P ) = ho(P ) + hf (P ):

ho(P ) = R(P ) ∥Pf − P ∥−p γ ∥Pf − P ∥n̂,

hf (P ) = R(P ) ∥Pf − P ∥−p (Pf − P )

and hence

h(P ) = R(P ) ∥Pf − P ∥−p
[
γ ∥Pf − P ∥n̂+ (Pf − P )

]
(3.3)

where p ∈]0, 1[ is a modulation exponent which controls the difference of inten-

sity across the vector field. We introduce a location-dependent factor γ ∈ [0, 1]

which is defined as follows:

γ(P ) =
ai x(P )√

1 + (2 ai x(P ))2
+

1

2

where x(P ) := (d(P ) + d2(P ))/(d(P ) d2(P )), di is the influence distance of

the obstacle (typically in the order of the obstacle semi-major axis), d(P ) =

∥P −P c(P )∥, d2(P ) = d(P )− di. In addition, ai is a modulation constant to

modify the shape of the sigmoid given by γ. This vector field h guarantees that

ho = 0 when the agent is located at the influence distance since d = di, x →

−∞ and hence γ = 0. Furthermore, R(P ) is a rotation operator of angle αR

is applied to the vector field so that the agent turns around the obstacle when

the obstacle is on the line of sight between the agent and the target position.
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More formally, for N = 2, the matrix R at a point P is defined as

R(P ) =

[
cos(αR(P )) sin(αR(P ))
− sin(αR(P )) cos(αR(P ))

]
.

Let us define β(P ) = exp(−bi x2) where bi is a fixed parameter. The rotation

angle αR is then computed proportionally to the angle between n̂ and Pf−Po:

αR(P ) =
β(P )

2
∠(n̂(P ),Pf − Po)

where Pf − Po corresponds to the vector pointing from the obstacle center

Po to the final position Pf . The factor β is introduced to ensure that the

vector field is not rotated (that is, R = IN where IN is the identity matrix of

order N) when the agent is located at the influence distance of the obstacle

(continuity of the vector field), and when the agent is located on the obstacle

boundary (non-penetrability of the obstacle).

Now that the vector field has been described analytically, we can an-

alyze two particular cases. The first scenario consists in the vectors n̂ and

Pf − Po making an angle of π (singular case), corresponding to a point P

exactly behind the obstacle with respect to the desired location. In this case,

the field is rotated by an angle α ∈ [−π/2, π/2] so that the agent deviates

from its initial trajectory to go around the obstacle (forming a singularity in

the vector field). The second scenario appears when these two vectors n̂ and

Pf − Po are aligned, that is, when the point P lies in between the obstacle

and the target. In this case, the vector field is not rotated (α = 0) since the

agent is in front of the obstacle and can freely move to the target. The vector

38



field is illustrated in Fig. 3.2 where the target position is represented by a red

cross.
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Figure 3.2: Vector field and associated path line for an initial agents location
P0 = [−10, 0]⊤. The singularity appears around [−5,−3]⊤ (behind the obsta-
cle).

Proposition 1. For a vector field defined in Eq. (3.3), the condition of impen-

etrability given in Eq. (3.2) is guaranteed for the case of a static obstacle.

Proof. When the agent is located at a point P b ∈ χb (on the boundary of the

obstacle), we obtain d = 0, x → ∞ and hence γ = 1. In addition, we have

β = 0, αR = 0 and thus R = IN . Given the particular value of the vector field

h(P b) = ∥Pf − P ∥−p
[
∥Pf − P ∥n̂+ (Pf − P )

]
,
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we obtain

h(P b) · n̂ = ∥Pf − P ∥−p
[
∥Pf − P ∥+ (Pf − P ) · n̂

]
= ∥Pf − P ∥−p

[
∥Pf − P ∥+ (Pf − P ) · n̂︸ ︷︷ ︸

≥−∥Pf−P ∥

]
≥ 0,

which verifies Eq. (3.2) of impenetrability and thus concludes the proof.

3.2.2 Moving Obstacle

The velocity Vb of the obstacle boundary at P b can be the resulting of

multiple contributing terms. This paper will examine 2 movements: constant

velocity translation (Vo) and expansion/contraction1 of the boundary in time

(V P
e ) so that Vb = Vo +V P

e . Additionally, we consider the obstacle’s velocity

in the normal direction of the obstacle boundary only if it is greater than zero

(Vb ·n̂ > 0) so that the agent is not attracted to the obstacle when it is moving

away from it.

To account for the fact that the obstacle is moving, we introduce an

additional term hv(P ) = γVb to the vector field such that the total vector

field hm(P ) for a moving obstacle is given by

hm(P ) = h(P ) + hv(P ). (3.4)

1This scenario also considers an obstacle whose state is not precisely known by the agent.
To this end, the state xo of the obstacle is represented with a Gaussian density function
characterized by its mean x̄o and covariance matrix Σo. When the obstacle is moving, the
uncertainty (i.e., the covariance matrix Σo) is growing with time, resulting in a positive
velocity V P

e .
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When the obstacles are moving, the impenetrability condition requires that

the component of the vector field normal to the boundary has to satisfy the

following inequality:

hm(P
b) · n̂(P b) ≥ Vb · n̂(P b) for all P b ∈ χb. (3.5)

Proposition 2. For a vector field defined in Eq. (3.4), the condition of impen-

etrability given in Eq. (3.5) is guaranteed for an obstacle moving at constant

velocity Vb.

Proof. When the agent is located at the boundary P b of the obstacle, we have

γ = 1. We conclude that

hm(P
b) · n̂(P b) = h(P b) · n̂(P b)︸ ︷︷ ︸

≥0 from Eq. (3.2)

+Vb · n̂(P b)

≥ Vb · n̂(P b),

which verifies Eq. (3.5) of impenetrability and thus concludes the proof.

In addition, hv(P ) = 0 when the agent is located at the influence

distance (d = di) so that h(P ) = hf (P ) as if there is no obstacle.

3.2.3 Multiple Obstacles

Next, we consider the case of multiple obstacles. Let dj = ∥P−P c
j (P )∥

be the distance between P and P c
j (P ), where P c

j (P ) is the point on the

boundary of obstacle j that is closest to P . When there are M obstacles, the

vector field is extended by taking the sum of the local CAVFs weighted by their
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distance to the agent’s position P so that the vector field at the boundary of

obstacle i is only determined by the local vector field hi(P ) associated to this

obstacle:

h(P ) =
M∑
i=1

wi(P )hi(P ), (3.6)

where

wi(P ) =

∏M
j ̸=i dj∑M

i=1

∏M
j ̸=i dj

and hence
M∑
i=1

wi(P ) = 1.

Proposition 3. For a vector field defined in Eq. (3.6), the condition of impen-

etrability given in Eq. (3.2) is guaranteed for multiple obstacles.

Proof. When the agent is located at the boundary P b
j of obstacle j, we obtain

wi(P
b
j ) = 1 for i = j and wi(P

b
j ) = 0 for i ̸= j. The resulting vector field

is thus given by h(P b
j ) = hj(P

b
j ). The impenetrability condition for multiple

obstacles is therefore guaranteed since the impenetrability condition at the

boundary of a single obstacle has already been proven in Proposition 1.

3.2.4 Bounded Environment

We now consider an environment that is a convex polygonal set such

that the agent is not allowed to exit through its boundaries (for instance

Ω is a rectangular domain in 2D or a parallelepiped in 3D). This extension

is implemented by considering each edge as a flat ellipsoidal obstacle. More

formally, for an ellipse whose semi-axis lengths are given by a and b, we consider

a large semi-major over semi-minor length ratio: a/b≫ 1.
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3.3 Control Law

As mentioned earlier, we consider a double integrator dynamics given

in Eq. (3.1). Since the vector field h reflects the desired agent’s velocity V (t),

we aim to find a control law providing a link between ḣ and V̇ (t) = u(t). We

therefore consider a control law mixing the proportional gain and the derivative

of the vector field:

u = kp(h− V ) + kvḣ

where kp ∈ R is the proportional gain, kv ∈ R is the derivative gain and ḣ =

∇h ·V following the chain rule. The agent will only follow the CAVF (velocity

vectors) if the initial velocity matches the velocity of the vector field at the

initial position. For example when V = 0 at start, we have ḣ = ∇h · V = 0

as well. If we use the simple control law u = ḣ, we would obtain u = 0 and

the agent would never start. We thus also need a proportional controller at

start to launch the agent and make it match the desired velocity. Once the

desired speed is similar to the local vector field (h ≃ V ), the second term of

the proposed control law based on ḣ takes the lead, taking into account not

only the value of h at the agent’s location but also the variation ∇h of the

vector field around this location to better predict the best trajectory. This

gradient can be computed numerically via the symmetric difference quotient.

In addition, gravity compensation can be included according to ug = u + g

provided that the value g of the gravity is perfectly known.
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3.3.1 Convergence to Target State

Convergence to the target state is proven below in the simple case of

an environment which is not (locally) populated with obstacles.

Theorem 3.3.1. Consider an agent subject to the collision avoidance problem

(Problem 1) and an environment which is not (locally) populated with obstacles,

the algorithm presented in Section 3.3 guarantees that the agent reaches the

desired final state with a given maximum error δ after a finite time tf : P (tf ) =

Pf and V (tf ) = 0.

Proof. Since the vector field is null only at the boundaries of the obstacles

(which are not reachable due to the impenetrability condition), the vector

field does not have any reachable local minimum.

Remark 3 The above theorem proves that the agent is guaranteed to reach a

sphere around the desired final location in a finite time. In the case of multiple

obstacles, the final time cannot be directly computed.

Characterizing the value of δ in environments populated with obstacles

is not trivial. However we now restrict the problem to the particular case of

an obstacle-free environment to derive the error δ in function of the desired

final time tf . We also consider that the tracking of the vector field is well

established so that V (P ) = h(P ) since the proportional gain in the control

law provides a convergence of V to the vector field if they locally differ.
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The dynamics is hence given by Ṗ = Pf −P , P (0) = P0 which results

in

P (t) = (P0 − Pf ) exp(−t) + Pf

The error is

e(t) = P (t)− Pf = (P0 − Pf ) exp(−t)

from which it follows:

∥e(t)∥ = ∥P0 − Pf∥ exp(−t).

We conclude that the error indeed converges as t → ∞. More precisely, the

agent is guaranteed to lie inside a sphere of radius δ after a time tf such that

δ = ∥P0 − Pf∥ exp(−tf ) =⇒ tf = ln

(
∥P0 − Pf∥

δ

)
.

3.3.2 Norm-Constrained Input Control

When the input is constrained, the agent might not be able to escape

an obstacle if its speed is too high near the obstacle. We constrain the input

control such that u ∈ U = {u ∈ RN : ∥u∥ ≤ ū} where ū ∈ R+. The time

to stop the agent at velocity V0 is then t = ∥V0∥/ū. Based on the motion

equation x(t) = −ūt2/2+V0t, the distance that has been achieved in this time

is given by

R =
V 2
0

2ū

where V0 is the radial velocity of the agent towards the obstacle. We thus

inflate each obstacle by the distance R so that the agent adjusts its trajectory

to not lie inside the inflated boundary of the obstacle.
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When the obstacle is moving, the velocity of the agent in the obstacle

frame is given by V0 − Vb where Vb is the velocity at the obstacle boundary

along the line of sight towards the agent (composed of the obstacle velocity

and the expansion velocity). If the agent lies inside this inflated boundary,

obstacle avoidance is still possible but it is not guaranteed.

3.4 Numerical Simulations

The following simulations are computed in 2D and 3D scenarios for a

system with double integrator dynamics. The agent is considered to be a par-

ticle (point mass) and all the simulations have been realized with the following

parameters: di = 0.3, ai = 0.01 and p = 1/2. The video presenting all the cases

presented in this section is available at https://youtu.be/xSIyvFngA1M. The

source code used to produce the paper is available at https://github.com/

MartinBraquet/vector-field-obstacle-avoidance.

3.4.1 Static Obstacles

The CAVF design for 2D static obstacles has been presented in Sec-

tion 3.2 (see Fig. 3.1). Fig. 3.3 presents the motion of an agent in a 3D space,

moving around an ellipsoid and reaching the desired final location.
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Figure 3.3: 3D obstacle avoidance with ellipsoid (P0 = [−10, 10, 0]⊤ and Pf =
[10,−10, 0]⊤).

3.4.2 Moving Obstacles

In Fig. 3.4, the elliptical obstacle is located in the bottom-right quad-

rant at start (Po = [0.6, 0.2]⊤) and is moving upwards at constant velocity

(dashed lines). The agent starts avoiding the obstacle by going above the el-

lipse. Since the agent is moving with a similar speed as the obstacle, he then

decides to slow down and let the obstacle move upwards so that he reaches his

target location by going below the obstacle.
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Figure 3.4: 2D obstacle avoidance with a moving ellipse represented in plain
gray (initial position), dashed black (intermediate positions) and plain black
(final position) (P0 = [0.2, 0.2]⊤ and Pf = [0.8, 0.6]⊤).

Additionally, moving obstacles lead to growing uncertainty in proba-

bilistic motion. As depicted in the video whose link is given at the start of

the section, we consider scenarios where such uncertainty is represented by an

ellipse growing with time.
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3.4.3 Multiple Obstacles

As depicted in Fig. 3.5, the agent is moving to his target by slaloming

between three ellipses on his way. The norm of the position error, given by

∥e(t)∥ = ∥P (t) − Pf∥, is decreasing exponentially. The norm of the control

input u(t), which is assumed unbounded in this simulation is high at the

beginning since the initial zero velocity does not match the desired velocity of

the vector field at the initial agent’s location.

0 5 10

time (sec)

0

0.2

0.4

0.6

0.8

||
X

 -
 X

f|
|

Position error

0 5 10

time (sec)

0

5

10

15

||
u

||

Control input

0 0.2 0.4 0.6 0.8 1

x

0

0.2

0.4

0.6

0.8

1

y

Environment

Figure 3.5: 2D obstacle avoidance with multiple ellipses (P0 = [0.4, 0.05]⊤ and
Pf = [0.6, 0.8]⊤).

The 3D case with multiple ellipsoids is presented in Fig. 3.6. It is

49



worth noting that in this scenario the agent is correctly progressing towards

the target by going around the obstacles.

Figure 3.6: 3D obstacle avoidance with multiple ellipsoids.

3.4.4 Bounded Environment

As shown in Fig. 3.7, the environment is a square domain, that is,

bounded by four walls, and an ellipse is located at the center. The vector field

is directed both outward around the ellipse and inward next to the walls. The

agent is thus guaranteed to stay in the desired area and he is correctly moving

towards his target.
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Figure 3.7: 2D obstacle avoidance with an ellipse in a bounded environment
(P0 = [−8, 0]⊤ and Pf = [8, 0]⊤).

3.4.5 Norm-Constrained Input Control

We finally consider the case where the control input is constrained such

that ∥u(t)∥ ∈ U for all times t ≥ 0. For the simulations shown in Fig. 3.8,

we set the maximum norm of the control input to be ū = 1m/s2. The black

dashed lines represent the inflated boundary of the obstacles depending on

the speed of the agent. It should be noted that the obstacle in the top-right

quadrant is not inflated since the agent, located at P = [0.5, 0.5]⊤ in the

figure, is not in its area of influence. We can notice that the agent is correctly
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reaching his target while his control input has been capped twice.
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Figure 3.8: 2D obstacle avoidance with constrained input control (P0 =
[−8, 0]⊤ and Pf = [8, 0]⊤).

3.4.6 Task Allocation with CAVF

As defined in Section 2.1, we set the state domains Σ := R2N and

Si := Ω. The motion of each agent is described by a double integrator dynamics

given in Eq. (3.1). Each task Ti is characterized by a desired final agent’s state

xTi = (PTi ,0). The problem is then given as follows.

Problem 2. Find a time-varying task assignment profile that maximizes the

global utility in a decentralized way (communication constraints) steering the
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MAS to their desired task locations and using a collision avoidance vector

field to compute the desired agents’ trajectory and their associated motion

cost. Additionally, each task needs to be allocated by at least one agent if

n ≥ p.

The task assignment is achieved via the Greedy Coalition Auction Al-

gorithm defined in Section 2.3.4 [50]. In the context of this chapter, the control

effort of agent i to reach a task is given by (half of) the square of the con-

trol input over time: J(ui(·)) := (1/2)
∫ tf
0
|ui(t)|2dt. As a consequence, the

completion cost between each agent and each task is obtained by numerically

computing the control input ui(t) according to the vector field detailed in

Section 3.2.

To illustrate the results, Figure 3.9 presents a task assignments with

n = 5 agents and p = 3 tasks. As required, all the tasks are allocated and

the agents safely avoid the elliptical obstacles. The video describing other

examples of task allocation is available at https://youtu.be/vixDPivkg1s.

In this work, the completion time varies with the intensity of the vec-

tor field. Future work requiring a fixed terminal time (whether it be identical

or different for each agent) can be achieved by deriving a relation between

the intensity of the vector field and the final time (e.g. assuming a quasi-

inverse relationship2 or by iteration over the trajectory). This final time can

2Assuming a perfect controller (that is, h(x) = V (x)), the vector field is an image of the
current agent’s velocity. Since the completion time is given by tf =

∫ xf

x0

dx
V (x) , the initial /

final positions are fixed and the velocity is only space-dependent, multiplying the velocity
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be bounded below depending on the agent’s maximum velocity and accelera-

tion, and bounded above at the convenience of the operator depending on the

urgency of the task. It is worth mentioning that these considerations introduce

a framework for task scheduling.
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Figure 3.9: 2D task allocation with obstacle avoidance (n = 5 agents and
p = 3 tasks).

by a factor k will divide the final time by k as well.
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Chapter 4

Conclusion and Future Work

4.1 Conclusion

Firstly, we have presented an auction-based framework to address dy-

namic task allocation problems for multi-agent systems with state-dependent

utilities and various task characteristics (such as terminal constraints, comple-

tion time, etc.). Our greedy approach offers a practical, yet efficient, solution

to a class of more realistic and challenging dynamic task allocation problems

for autonomous mobile agents.

Secondly, we have addressed the problem of moving an agent in an en-

vironment populated with static and dynamic elliptical obstacles whose shape,

position and velocity can change with time. The resulting algorithm is based

on a vector field designed to provide information about the desired local agent’s

velocity and steer the system to a desired target under a double integrator dy-

namics. Our work has been extended to include moving obstacles, bounded

environments and limited control inputs. Next, this vector field has been

merged with a task allocation algorithm to incorporate multi-agent settings.
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4.2 Future Work

For large fleets of autonomous systems, some scalability issues arise in

the task allocation algorithm due to the computation time. Further research

can focus more on machine learning and its recent achievements (specifically

deep reinforcement learning for multi-agent robots) to mitigate this issue and

build upon the algorithm presented in this work. We further plan to extend

the results presented herein to even more realistic task allocation problems

with deadlines, logical constraints, pop-up tasks and agents with varying ca-

pabilities and preferences.

Further research can be also done to extend the work about obsta-

cle avoidance to obstacles of any convex shape, and then to obstacles with

non-convex shapes. Moreover, additional research about vector field-based al-

gorithms can extend this work, whose applicability is limited to agents with

double integrator kinematics, to problems with more general dynamics. Fi-

nally, the task allocation can be improved to avoid the computation of the

control cost for each agent and task, hence reducing the computation time

and producing an algorithm more suitable for real-time systems.
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